Abstract. A summable sequence (a n ) in a Banach space X is called Zp-canonical, 1 < p < oo, if a n = a n ve n , n = 1,2 where (a n ) € lp, v : l p -• X is a continuous linear operator and (e n ) is the natural basis of l p . We are showing that a summable sequence (a n ) in X is Zp-canonical iff the operator u : cq -• X, with ue n = a n , n = 1,2,... is psumming. It follows that in a given Banach space X any summable sequence is Zp-canonical iff any continuous linear operator from co to X is p-summing. The last assertion implies the following statement obtained previously in [Kva]: in a given Banach space X any summable sequence is Zp-canonical for certain p, 2 < p < oo iff X does not contain Z£o's uniformly. For the spaces with a given cotype p we are obtaining the more precise results showing, in particular, that in cotype 2 spaces any summable sequence is Z2-canonical, while in l p , with 2 < p < oo, not any summable sequence is Zp-canonical.
Introduction
A remarkable result of [DR] asserts that if X is an infinite dimensional Banach space, then for any sequence of real numbers (a") € h there is a summable sequence (a n ) in X such that ||a n || = |a"|, n = 1,2,-In [Mau] the class of Banach spaces X is studied, for which the above assertion remains valid with L R , 2 < r < oo or CQ in place of I2. An explicit description of summable sequences in spaces L p ([0,1]), 1 < p < 2, was obtained in [0rno] ; the result implies that in the considered case any summable sequence (a n ) is /2-canonical, i.e., has the form a n = a n ve n , n = 1,2,..., where (q") 6 Z 2 » v : I2 -> L p is a continuous linear operator and (e n ) is the natural orthonormal basis of Let us emphasize that the formulated description of summable sequences previously was unknown even for Hilbert spaces.
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In [Kva] it has been shown that a Banach space X does not contain s uniformly iff any summable sequence (a n ) in X is Z p -canonical for certain p, 2 < p < oo, i.e., has the form a n = a n ve n , n = 1,2,..., where (a n ) € l p , v : l p -• X is a continuous linear operator and (e n ) is the natural basis in l p .
The purpose of the present note is to give a criterion for a given summable sequence (a n ) in a Banach space X to be Z p -canonical, for 1 < p < oo. Our result is the following statement. THEOREM 1.1. Let X be a Banach space, (a n ) be a summable sequence in X, u : Co -• X be a (compact) linear operator defined by the relations ue n = a n , n = 1,2,..., where (E N ) is the natural basis of CQ. Then the following are equivalent:
(i) (a n ) is l p -canonical.
(ii) The operator u is p-summing.
The proof will be given in the next section. Also we shall derive the result of [0rno] and [Kva] from Theorem 1.1. We are showing also that if X is a Banach space of cotype 2, then in X any summable sequence is ^-canonical and vice versa provided that X is a GL-space (Th. 2.5.). If a Banach space X is of cotype p, 2 < p < oo, then any summable sequence in X is /^-canonical for any q € ]p, oo [ (Th. 4.1) . The last result is sharp in the following sense: if 2 < p < oo, then in l p not any summable sequence is Zp-canonical (Cor. 4.2(b)).
General results
We shall use standard notations. For given Banach spaces E, F the space of all continuous linear operators u : E -• F (resp. p-summing operators), will be denoted by L(E,F) (resp. by IL P (E,F) ). For u e L(E,F) (resp. u 6 n p (.E, F)), we denote ||u|| (resp. 7r p (u)), the ordinary norm (resp. psumming norm), of u. The notations Co, l p , l p , 1 < p < oo, n = 1,2,... have the ordinary meaning. For any fixed n € N we denote by e n the sequence which has in the n-th place 1, and 0 in other places. Recall that the sequence (e n ) is the Shauder basis in any of spaces Co, l p , 1 < p < oo.
The notations used in the text without explanation are now well-known. We refer to [DJT] or [Woj] for precise definitions. 
Proof. (i)=»(ii).
Since u G n p (co,X), according to the variant of Pietsch's domination theorem presented in [LP] or in [Woj, there is a sequence (/¿ n ) of strictly positive real numbers with /x n = 1 such that
Put now a n = ir p (u)nl/ p , n = 1,2,... Then (a n ) defines a diagonal operator A : CQ -* l p with norm ||A|| < 7r p (u). Define v : A(co) -* X by putting V(At) = ut for t e CQ. Then we shall have ||u(At)|| = ||ui|| < ||Ai|| p for all t G Co-Therefore, v : A(co) I is a continuous linear operator. Since A(co) is dense in l p , the operator v can be extended to a continuous linear operator from l p to X. If we denote this extension again by v, then, evidently we shall have the equality u = vA.
The implications (ii)^(iii) and (iii)=>(i) are evident.
• Below we shall use only the equivalence (i)^(ii). The equivalence (i)^(iii) is well-known at least for p = 1.
Recall that a sequence (a n ) in a Banach space X is said to be summable, if the corresponding series o n is unconditionally convergent in the topology of X.
If (a n ) is a summable sequence in X, then it is weakly absolutely summable, i.e. Yin l^'i®«)! < 00 for any x * G X*. Conversely, any weakly absolutely summable sequence (a n ) in X is summable iff X does not contain a closed vector subspace isomorphic to Co (Bessaga-Pelczynski's theorem, see e.g. [VTC, p. 118] or [D, p. 45] ).
Notice that if X is a Banach space and u G L(co, X), then the sequence (ue n ) is weakly absolutely summable in X. Conversely, if (a n ) is weakly absolutely summable, then there is u G L (CQ,X) such that ue n = a n , n = 1,2, If U G L(CQ, X) is compact, then the sequence (ue n ) is summable. Conversely, if (a") is a summable sequence in X, then the operator u G L(co, X) defined by ue n = a n , n = 1,2,..., is compact. For the proofs of these and related assertions we refer to [DJT, p. 9] .
If (a n ) G l p , 1 < p < oo (resp. (a n ) G CQ), then the sequence (a n e") is summable in l p (resp. in Co). These are simplest non-trivial examples of summable sequences. It is not easy to give a complete description of all summable sequences (a n ) even in I2 in terms of coordinates of entries. DEFINITION 2.2. A summable sequence (a n ) in a Banach space X is said to be l p -canonicaL, 1 < p < 00 (resp. co-canonical), if a" = v(a n e n ), n = 1,2,..., where (a") G l p , (resp. (a") G Co), and v G L(l p , X) (resp. v G
L(co,X)).
It can be seen directly that any summable sequence (a n ) in an arbitrary Banach space X is co-canonical. We shall not use this assertion in what follows. It is also cleax that a summable sequence (a n ) in a Banach space X is Zi-canonical iff (o n ) is absolutely summable (i.e., iff 11°»»II < The non-trivial part of the last statement follows also from Theorem 1.1.
Proof of Theorem 1.1. (i)=>-(ii). This follows from the implication (ii)=>(i) of Proposition 2.1.
(ii)=>(i). This follows from the implication (i)=>(ii) of Proposition 2.1.
• It is clear via Dvoretzky-Roger's theorem mentioned in the Introduction that if X is an infinite-dimensional Banach space and 1 < p < 2, then not every summable sequence (a n ) in X can be Z p -canonocal. The situation is different if 2 < p < oo. THEOREM 2.3. Let X be a Banach space and 2 < p < oo. Then the following are equivalent:
Proof. (i)=>(ii). Evidently (i) implies that X does not contain a subspace isomorphic to CQ. Fix now u € L(CQ, X) and let us show that u 6 H P (CQ, X).
We have that (ue n ) is weakly absolutely summable. Since X does not contain a subspace isomorphic to Co, by above mentioned Bessaga-Pelczynski's theorem, (ue n ) is a summable sequence in X. Consequently (ue n ) is Z p -canonical. By Theorem 1.1, we have that u € n p (co, X).
(ii)=»(i). Fix a summable sequence (o n ) in X. As we have noted above, there exists u e L(CQ, X) such that ue" = a n , n = 1,2,
(ii) implies that u G n p (co, X). So, by Theorem 1.1 the sequence (a n ) is / p -canonical.
• We note (although we shall not use this in what follows) that the statement (i) of Theorem 2.3 is also equivalent to the following statement: for any quasi-normed space F we have Tl p > (X, F) = IIi(X, F), where p' = This can be derived from the equivalence a) d) of Theorem 23 in [Mau, p. 40],  Following [DPR] let us call a summable sequence (a n ) in a Banach space Hilbertian, if there exists an operator u 6 L(l2,X) and a summable sequence (z n ) in ¿2 such that uz n = a", n = 1,2,... COROLLARY 2.4 [DPR] . Let X be a Banach space. Then L(co, X) = N 2 (co, X) iff any summable sequence in X is Hilbertian.
Proof. This is a particular case of Theorem 2.3, since, evidently, any ¿2-canonical summable sequence is Hilbertian.
• The following result shows that there really exist Banach spaces for which any summable sequence is / p -canonical for some p, 2 < p < 00. THEOREM 2.5 [Kva] . Let X be a Banach space. Then the following are equivalent:
(i) There exists a number p, 2 < p < oo, such that any summable sequence in X is lp-canonical.
(ii) X does not contain 's uniformly.
Proof. (ii)=>(i). This follows from Theorem 2.3 and from the result of [MP, , which asserts that if X does not contain s uniformly, then L(co, X) = n p (co, X) for some p, 2 < p < oo.
(i)=^(ii). The condition (i) and Theorem 2.3 imply that L(CQ, X) = n p (c 0 ,X). The last equality again by the result of [MP, implies that X does not contain Z^'s uniformly.
• Remark 2.6. Th.2.5 in [Kva] is essentially used for the study of a.e. unconditional convergence of Gaussian random series in Banach spaces not containing ZJ^'s uniformly.
According to the remarkable result of [MP] Banach spaces not containing 's uniformly can be characterized as Banach spaces having a Rademacher cotype p, 2 < p < oo. In the next sections we shall give more precise form of Theorem 2.5 for Banach spaces with a given cotype. Proof. The implication (ii)=>(i) follows from Theorem 2.3 along with an important result of [Mau, p. 91] , which asserts that for any Rademacher cotype 2 Banach space X the equality L(co, X) = Il2(co, X) holds (different proofs of B. Maurey's theorem the reader can also see in [Ros] or in [DJT, p. 223]) .
The cases of spaces
Suppose that X is a GL-space (we refer to [DJT, p. 350] for the definition). Let us show that (i) implies (ii). By Theorem 2.3 the statement (i) of Theorem 3.1 implies L(CQ,X) = Il2(co,X). The last equality together with the assumption that X is a GL-space, by the corresponding result of [Reis] , implies that X is of cotype 2 (the proof of S. Reisner's theorem is included also in [DJT, p. 352] ). • Remark 3.2. In general it is unknown whether or not for a given Banach space X the equality L(CQ,X) = I^co.-X") implies that X is of cotype 2.
